Abstract. In this paper, the object of consideration is a membrane consisting of one circular and two annular segments. The Green's functions method for the free vibration of this membrane is applied. A numerical example illustrating this method is given.
Introduction
The determination of vibrational characteristics of mechanical structures is an important problem in various engineering fields. In particular, the eigenfrequencies of membranes have great significance to the design of aeronautical, naval and civil structures as well as musical instruments. The free vibration of composite, circular annular membranes are the subject of papers [1] [2] [3] .
The solution to the vibration problem of a composite membrane consisting of two concentric membrane segments (each with constant density), can be derived in an exact form [1, 2] . In this case the membrane segments create the nonhomogenous membrane for which the frequency equation by determinant of a 4x4 matrix is expressed. Using this equation in paper [1] the eigenfrequencies of the membrane for various ratio of membrane densities and various ratio of radii of the distinguished membrane segments were numerically determined. The general formulation of the eigenproblem for membrane of arbitrary discontinuous variations of the density in the radial direction is given in paper [2] . The presented numerical example also deals with the double connected membrane. In paper [3] the natural frequencies of the composite, doubly connected membrane obtained by using the finite element method are compared with the exact values. Examples of the application of the Green's function method to vibration problems of homogenous membranes are presented in book [4] .
The separation time and space variables in the differential equation of the transverse vibration of a membrane leads to the Helmholtz equation. In the case of composite membrane consisting of many membrane segments of constant densities, the Helmholtz equations oblige in each segment. The continuity conditions are satisfied at the concentric circles which separate the segments of constant densities. The solution of this eigenproblem can be derived by using the Green's func-tion properties. The Green's functions which occur in the solution were derived in paper [5] .
The present paper deals with the free vibration problem to a composite membrane consisting of three membrane segments of constant densities. The solution is obtained by using the Green's function method. The symbolic and numerical calculations were performed by the use of Mathematica [6] .
Formulation of the problem
Consider the free vibration of a membrane consisting of one circular and two annular segments as shown in Figure 1 . The differential equation for the displacement i u of the i-th membrane segment is
where s is the tension per unit lenght, i ρ is the density of i-th segment of the membrane,
where , r θ are polar coordinates and t is time.
The step-wise changes of densities of the membrane are at circles with radii 0 r and 1 r . These circles determine the uniform segments of the considered membrane. At the distinguished circles the following continuity conditions are satisfied: 
r r r r r r r r u r t u r t u r t u r t u r t u r t u r t u r t r r r r
Moreover, the functions 0 u and 2 u satisfied the conditions
The mode shapes of vibration of the membrane are obtained by using the classical method of separation of variables to equations (1)- (3). The modes of vibrations can be written as
where ω is the natural frequency of the membrane and n is an integer. The function in U occurring in the above equation is a solution of the eigenproblem derived by substitution (4) into equations (1)- (3):
, n n n n r r r r r r r r dU r dU r dU r dU r dr dr dr dr 
Solution to the problem
The solution to the problem is obtained by using the properties of the Green's function [4] . The Green's functions G i (i = 0,1,2) which are necessary in this approach, satisfy differential equations (δ(⋅) is the Dirac delta function)
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and the homogeneous boundary conditions:
On the basis of equation (5), which corresponds to the uniform membrane segment, the following equation can be written
where 1 0 r − = . Integrating by parts, one obtains
Taking into account the equation (9) in the left-hand side of equation (12), we have ( )
, ,
Using the property of the Dirac delta function
in equation (13) and the boundary conditions (6)- (8) and (10), we obtain for i = 0,1,2, successively 
n n n n n n n n n S G r r G r r S G r r S G r r S G r r G r r
A nontrivial solution of this equation system (with respect to S 0n , S 1n ) exists for these values of parameter ω, which are roots of equation
This equation is solved numerically with respect to the frequency parameter
A graph of the function W n (Ω) for n = 0, r 0 = 0.2, r 1 = 0.4, r 2 = 1.0,
.0 is presented on Figure 2 . We can observe the four roots of equation (17) on this figure. 
Numerical example
Consider a composite membrane (as is presented in Fig. 1 ) with a middle annular segment of small radial size:
We assume that the density ρ 1 of the middle segment is higher than the remaining portion of the membrane: 
Conclusions
The exact solution to the problem of free vibration of a composite circular membrane by using the Green's function method has been presented. The membrane consists of one circular and two annular segments, each of constant density. The derived frequency equation can be used to investigate the step-wise radial changes of the membrane density on the eigenfrequencies of the system. The presented example shows the effect of inside located concentric ring with bigger density as in the remaining portion of the membrane, on the eigenfrequencies of the system. It was found that an increase of density of the distinguished membrane ring causes a decrease of the eigenfrequencies of the membrane system. The further research in this range should concern the application of the presented method in frequency analysis of the membrane consisting of an arbitrary number of membrane rings.
